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Chronology Protection in anti-de Sitter 
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We consider 1/2 BPS excitations of AdSs x S 5 geometries in type IIB string theory that can be 
mapped into free fermion configurations according to the prescription of Lin, Lunin and Maldacena 
(LLM ) . It is shown that whenever the fermionic probability density exceeds one or is negative, closed 
timelike curves appear in the bulk. A violation of the Pauli exclusion principle in the phase space 
of the fermions is thus intimately related to causality violation in the dual geometries. 
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Closed timelike curves (CTCs) plague solutions of gen- 
eral relativity and supergravity theories. In contrast to 
curvature singularities, which may be coped with by in- 
troducing particular boundary conditions or by invoking 
some more fundamental theory modifying the behaviour 
of the gravitational force near the singularity, CTCs are 
more subtle. They are not linked to the presence of 
strong gravitational fields, and the resulting spacetime 
is not globally hyperbolic. Moreover, they are global 
in nature, making it difficult to recognise them and to 
capture their presence from the local field equations of 
gravity. This problem was first raised by Kurt Godel , 
who found a homogeneous and simply connected universe 
with CTCs through every point of spacetime. This par- 
ticular solution is not an isolated pathology and in fact, 
it was soon recognized that CTCs appear frequently in 
gravitational theories, in particular in higher dimensions 
(see for example Q). Supersymmetry does not help to 
rule out chronological pathologies Q , nor does the lifting 
to higher dimensional supergravities 0. 

The usual way out is to simply label spacetimes with 
CTCs as unphysical, and to forget about them. However, 
time machines can be constructed from initial data on 
spatial hypersurfaces whose causal past does not contain 
CTCs . This lead Hawking to formulate the chronol- 
ogy protection conjecture Q , with a quantum mechanism 
enforcing it by superselecting the causality violating field 
configurations from the quantum mechanical phase space 

! 

Here, we shall take a more fundamental point of view, 
and consider the (super-)gravity theories merely as ef- 
fective low energy limits of string theory. Then, even if 
the effective theory cannot distinguish between causally 
well-behaved and ill spacetimes, one can hope that string 
theory provides a mechanism to rule out the pathological 
solutions or eliminate the CTCs. This approach has been 
successful in the case of the BMPV black hole :.Q] , which 
develops CTCs in the overrotating regime. Using the mi- 
croscopic description in terms of a two-dimensional con- 
formal field theory, provided by string theory, Herdeiro 
showed that the causality bound corresponds to a unitar- 
ity bound in the CFT [lfj, and therefore that the over- 



rotating spacetimes are not genuine solutions of string 
theory. A similar mechanism was proposed in ,4] to hold 
for AdSs x S 5 solutions of type IIB supergravity. In this 
case, using the AdS/CFT correspondence 0], we have 
a non-perturbative formulation of type IIB superstring 
theory in terms of Af — 4 SYM in four dimensions. In 
particular, thanks to the work by Lin, Lunin and Mal- 
dacena [12| . we have a strong control on a subsector of 
half BPS configurations. In this subsector, the SYM the- 
ory reduces to a system of N free fermions in a harmonic 
well, whose classical configurations are given by quantum 
Hall droplets in their phase space, i.e. by the description 
of a region of area HN where the fermions are localized 
|2lj . LLM define a function z(x 1 ,x 2 ,0) which takes the 
value —1/2 inside the Hall droplets, and 1/2 outside. The 
gravitational dual to this configuration is then given by 
the metric 221 



ds 2 = -h- 2 (dt + Vidx 1 )' + h 2 (dy 2 + da? eh?) 
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The function z(x l ,y) and the shift vector Vi are deter- 
mined by fermion configurations z(x l ,0), which act as 
boundary value, 



z{x 1 ,x 2 ,y) = 



V i (x\x 2 ,y) = t -H 
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y 2 f z(x[, x' 2 , 0) dx[ dx' 2 



(x - x') 2 + y 2 



z{x' 1 , x' 2 , 0){xj — Xj) dx[ dx' 2 
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We have therefore a very nice realization of holography, 
in which the dual field theory data is mapped on the 
y = two-plane of the gravity solution. 

It is useful to describe the Fermi liquid using the vari- 
able pix 1 , x 2 ) — 1/2 — z(x 1 , x 2 ,0), which takes the value 
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one inside the hall droplets, and zero outside. Then, it is 
tempting to go beyond the classical limit, and interpret 
the function p as the probability density of the fermions. 
From the point of view of the SYM theory, as long as 
p G [0,1], one has a well-defined semi-classical state of 
the field theory yielding this probability density. Due 
to the noncommutativity of the phase space variables, 
the variation of p must be slow on the scale of \fh. A 
p > 1 would correspond to a violation of Pauli's exclusion 
principle, while negative density clearly has no meaning. 
However, on the gravitional side of the correspondence, 
any real function p gives a one half BPS solution of the 
supergravity equations of motion, in general with some 
singularities. In this letter, we shall show that whenever 
the above physical conditions on p are violated, the dual 
spacetime has closed timelike curves. Therefore, we pro- 
pose that the requirement of unitarity of the dual CFT 
implements the chronology protection for superstring the- 
ory on asymptotically AdS§ x <S 5 spacetimes. We shall first 
show this behaviour in the case of the superstar solution, 
and then give a general proof for rotationally symmetric 
Hall droplets. 



LLM DESCRIPTION OF THE SUPERSTAR 

The simplest family of half BPS solutions of type IIB 
supergravity on AdS$ x S 5 is given by the so-called su- 
perstar solution 



ds 2 
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with H = 1 

,2 



Qh 



/ = 1 + Hr 2 /L 2 and A = 
sin" V + H cos 2 9. The S 5 factor of the metric in these 
coordinates is given by dQ 2 + sin 2 9 d(f> 2 + cos 2 9 dfl 2 . This 
solution is obtained by oxidation to ten dimensions [l^j ] 
of the extremal limit of the black hole solution with one 
R-charge of the STU model 0,^3- Again, there is a 
five-form field strength turned on, which can be found 
in 0|- For Q — we recover standard AdSs x S 5 . The 
Q > case exhibits a naked singularity at the origin r = 
of AdS, where a condensate of giant gravitons growing in 
the five-sphere sits, and acts as a source for the super- 
gravity fields (lif. This view has been confirmed in |l2| . 
where the corresponding fermion distribution in the dual 
CFT was interpreted as a dilute gas of holes in the Fermi 
sea. In fact, using the coordinate transformation 

y = Lrcos9, R = L 2 yffsm9 , t^Lt, (6) 

one recovers the LLM metric with polar coordinates 
(R, (f>) on the (x 1 , x 2 ) plane. With some algebra, one can 
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FIG. 1: Location of the naked singularity, the region with 
CTCs and the velocity of light surface (VLS) for the anti- 
superstar with — L 2 < Q < 0. 



then compute the corresponding function z(R, (f>, y), that 
reads 



2(1 + Q/L2) 



V 
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V(y 2 + R 2 + B 2 ) 2 ~ ^R 2 Rl L ' 2 



where R 2 = L 2 (L 2 +Q). Its y = limit yields the fermion 
distribution 



1 



,(71) = | ' ' <■> 




R<R, 
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R > Rn 



LLM showed that the vacuum AdSs x S b is represented 
by a Fermi droplet of density p = 1 and radius L 2 . Its to- 
tal area ttL 4 consists therefore exactly of N Fermi cells of 
area H = 2nlp. By turning on the R-charge Q, the prob- 
ability density spreads to a disk of radius L 2 a/1 + Q/L 2 , 
but with lower density, in such a way that the correct 
number of fermions 4 Jpda = N is recovered. This fact 
supports the interpretation of p as a density distribution 
of fermions. The fermion system represents a uniform 
gas of holes delocalized in the Fermi sea, and since such 
holes correspond to giant gravitons growing on the five- 
sphere [ItI llij , the superstar can be thought of as the 
backreaction on spacetime produced by a condensate of 
giant gravitons jlfij . 

Let us suppose now that — L 2 < Q < The metric 
(|5|) still represents a genuine solution of the supergravity 
theory. This spacetime is defined for r > y/\Q\ cos#, 
and has a naked singularity at r = \f\Q\ cos 9. For 
r > y/\Q\ it is perfectly well-behaved, but one checks 
that in-between, for \f\Q\ cos 9 < r < y/\Q], the coeffi- 
cient of the metric becomes negative, and the orbits 
of dtf, are CTCs (see figure 0). Note that the metric re- 
mains lorentzian everywhere. As in the superstar case, 
we can cast the metric in the LLM form to read off the 
source which produces this spacetime. The result is again 
0, but this time, since Q < 0, the Fermi sea has been 
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squeezed to a smaller radius, resulting in a density p > 1 . 
This implies the presence of more than one fermion per 
Fermi cell, in plain violation of Pauli's exclusion princi- 
ple. The anti-superstar has no dual CFT state. Taking 
the dual CFT description equivalent to type IIB super- 
string theory as the fundamental one, we see that the 
Pauli exclusion principle automatically rules out the so- 
lutions of the form 10 with causal anomalies. In the 
following we shall argue that this mechanism works in 
much more generality. 



CHRONOLOGY PROTECTION AND PAULI 
EXCLUSION PRINCIPLE 

We shall, for simplicity, restrict to circular symmetric 
configurations of fermions. In this case, p — p(R) (where 
p{x l ) = 1/2- z(x\Q)) and 



z(R,y) = 2y 2 / 
Jo 



z(r,0) (i? 2 + y 2 + r 2 ) r dr 
3/2 



(R 2 



y 2 ) - AR 2 r 2 



(8) 



is a continuous function for y > 0. The integral converges 
if z(R, 0) grows slower than R 2 at infinity. However, to 
have a finite number N = i J pda of fermions, the den- 
sity p(R) must decay faster than l/R 2 at infinity [24j |. 
Therefore, 



Zoo = lim z(R, 0) = ~ 

R — >oo z 



(9) 



and the supergravity solution is asymptotically AdSs x 
S 5 . Using this assumption, one obtains 



lim z(R, y) 



(10) 



It is also easy to prove that if \z(R, 0)| < 1/2 (correspond- 
ing to a good fermionic configuration since p £ [0,1]), 
then \z(R, y)\ < 1/2 everywhere, while points (R,y) 
for which \z(R, y)\ > 1/2 do not belong to the space- 
time; there the metric becomes imaginary and to reach 
them one has to cross a curvature singularity located in 
z = ±1/2 0. 

Next, we observe that if the function z takes the value 
±1/2 at some point (Ro,y*) with y* ^ 0, then there 
are CTCs in its neighborhood (if there are points with 
I z I < 1/2 in its neighborhood). Indeed, since 
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(ii) 



one can check that keeping Rq fixed and suppo sing 
\z(R a ,y)\ < 1/2 for y > y*, lim y ^ y + g^ = -00 HI]. 
Therefore, there exist a yo > y*(Ro) such that g^ < 0, 
and the orbits of d,p through this point (R , yo) are CTCs. 

Let us suppose that in some points of the phase space 
the fermion density violates the exclusion principle, that 



is p(R) > 1 for some values of the radius, or equivalently 
z(R,0) < —1/2. There, the spacetime is not defined, 
because as y decreases one encounters a singularity at 
some point. Let us keep R constant; the function z(R, y) 
is continuous in y and takes the value z^ > for y — > 00. 
Therefore, if z(R, 0) < —1/2, there is some point y* for 
which z{R 1 y*) = —1/2. Let us define the function y*(i?), 



y*(R) 



{y\z(R,y) = -|} , z(i?,0)<-± 



0. 



\z(R,0)\<h 



Then, the region y > y*(R) of the spacetime defines a 
good supergravity solution, with a singularity in y — 
y*(i?), and by the previous observation it follows that 
one can construct CTCs in the neighborhood of the sin- 
gularity. A similar argument holds if we have a negative 
probability density in some region of the phase space. 
Since the asymptotic value of z for large y is 1/2, there 
must be by continuity of the function z some point with 
nonvanishing y such that z — 1/2, yielding CTCs in its 
neighborhood. 

Finally, since \z(R,y)\ < 1/2 for y > if \z(R,0)\ < 
1/2, it is unlikely that CTCs arise when p gives a good 
probability density, but unfortunately we were unable to 
prove this. 



DISCUSSION 

We have shown that if the boundary condition p(R) for 
the supergravity solution violates somewhere the bound 
< p(R) < 1, the spacetime suffers from CTCs. If we 
interpret p as the probability density of fermions in the 
phase space, this bound corresponds to a unitarity bound 
of the dual field theory; p > 1 would violate Pauli's ex- 
clusion principle, while negative p would imply negative 
norm states. Therefore, such configurations do not corre- 
spond to any state in the Hilbert space of the SYM the- 
ory, which gives a fundamental description of superstring 
theory on AdSs x S 5 , and the corresponding causality- 
violating backgrounds are forbidden. This mechanism 
implements in a simple form the chronology protection 
conjecture for a subsector of type IIB superstring theory 
in asymptotic AdSs x £ 5 backgrounds, and is similar to 
the one acting for the BMPV black hole ^(|- Stronger 
evidence would come by proving that no CTCs arise for 
boundary conditions verifying < p(R) < 1; although 
we didn't find any counterexample, we were not able to 
prove this in general. The coherence of the whole pic- 
ture provides some further support to the interpretation 
of p(R) as a probability density. 

This interpretation of p allows then the study of the 
half BPS sector of AdS/CFT beyond the strictly classical 
supergravity limit, and the study of thermal states. Us- 
ing the fact that right and left movers of the matrix model 
do not interact, one can thermally excite the left-movers, 
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giving a temperature to the fermion gas, maintaining the 
right movers on the ground state and remaining therefore 
in the 1/2 BPS sector. The corresponding supergravity 
background has been constructed in 0] . It would be in- 
teresting to elucidate the link between this state and the 
stretched horizon which develops for the superstar |20) . 
Finally, it would be interesting to understand how this 
chronology protection mechanism works in other subsec- 
tors of AdS/CFT. 
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